Abstract With the combination of the emerging GNSSs, single-frequency (SF) precise RTK positioning becomes possible. In this contribution we evaluate such low-cost ublox receiver and antenna performance when combining real data of four CDMA systems, namely L1 GPS, E1 Galileo, L1 QZSS, and B1 BDS. Comparisons are made to more expensive dual-frequency (DF) GPS receivers and antennas. The formal and empirical ambiguity success rates and positioning precisions will first be evaluated while making use of L1 + E1, so as to investigate whether instantaneous SF RTK is possible without the need of B1 BDS or L1 QZSS. This follows by an analysis of the SF 4-system model performance when the residual ionosphere can be ignored and modeled as a function of the baseline length, respectively. The analyses are conducted for a location in Dunedin, New Zealand, and compared to Perth, Australia with the better visibility of BDS and QZSS. The results indicate that successful instantaneous precise RTK positioning is feasible while using L1 GPS and E1 Galileo data, and that the SF 4-system model is competitive to DF GPS even when residual ionospheric delays are present. We finally demonstrate that when the impact from the ionosphere increases and more than one epoch is needed for successful ambiguity resolution, the SF 4-system model performance can still remain competitive to the DF GPS receivers. This is particularly true in Perth with more satellites and when higher than customary elevation cut-off angles need to be used to avoid low-elevation multipath.
Introduction
The regional Chinese BeiDou Navigation Satellite System (BDS) became operational in 2011 and consists to date (May 2017) of 14 satellites. The first Japanese QZSS satellite was launched in 2010, and a further 16 European Galileo and 32 GPS satellites are now available for positioning. The combination of the Global Navigation Satellite Systems (GNSSs) makes single-frequency (SF) real-time kinematic (RTK) positioning possible (Verhagen et al, 2012; He et al, 2014; Teunissen et al, 2014; Zhao et al, 2014; Odolinski et al, 2015a) .
Combined GPS+Galileo RTK positioning was investigated in (Julien et al, 2003; Odijk and Teunissen, 2013; Paziewski and Wielgosz, 2015) , and some first results using BDS outside of China are reported in (Montenbruck et al, 2013; Nadarajah et al, 2013) . SF GPS and GLONASS Precise Point Positioning (PPP) results were shown in , and combined GPS, GLONASS, BDS and Galileo PPP in (Lou et al, 2016; Pan et al, 2017) . With the development of low-cost (a few hundred USDs) multi-GNSS SF RTK receivers, competitive ambiguity resolution and millimeter-level positioning performance can potentially be obtained in comparison to more expensive (thousands USDs) dual-frequency (DF) GPS receivers Teunissen, 2016, 2017) .
A range of positioning applications can be further enhanced by using multi-constellation low-cost RTK receivers. For example, the significant reduction in cost would be beneficial for precise aircraft navigation and harbour entry by ships (Misra and Enge, 2006) , tsunami early warning systems (Schone et al, 2011) , earth deformation measurements (Hamling, I. J. et al., 2017) , array-based satellite phase bias sensing systems for PPP-RTK (Khodabandeh and Teunissen, 2014) , GNSS and inertial navigation system (INS) integration (Wang and Wenbo, 2016) , unmanned aerial vehicle (UAV) applications (Mongredien et al, 2016) , precise car lane keeping (Knoop et al, 2017) , and precision farming (Marucci et al, 2017) , to name a few. Other studies on SF GPS RTK using low-cost receivers can be found in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t (Wirola et al, 2006; Takasu and Yasuda, 2008; Wisniewski et al, 2013; Pesyna et al, 2014) .
In this contribution we will thus, for the first time, analyse low-cost SF receiver RTK performance using the Code Division Multiple Access (CDMA) signals of L1 GPS, L1 QZSS, E1 Galileo and B1 BDS that are tracked by ublox receivers and antennas. Performance comparisons will be made for a location in Dunedin, New Zealand and Perth, Australia that has a better visibility of BDS and QZSS. All SF results will be assessed against the RTK performance when using more expensive DF (L1, L2) GPS receivers and antennas.
This contribution is organized as follows. In Sect. 2 the multi-GNSS and standalone GPS RTK model is described, and in Sect. 3 the GNSS data and stochastic model are presented. The combined SF L1+E1 GPS+Galileo model is then evaluated in Sect. 4 by formal and empirical integer ambiguity success-rates and positioning precisions. This is done so as to assess whether instantaneous lowcost precise RTK positioning is currently possible without the need of regional BDS or QZSS. In Sect. 5 the SF 4-system RTK model is then analysed in Dunedin (NZ) and Perth (AU), respectively. In Sect. 6 the corresponding performance for a 8.9 km baseline is evaluated when residual slant ionospheric delays become present, and the ionosphere-weighted model needs to be used. In Sect. 7 the formal ambiguity success-rates for longer baselines, with more impact from the ionosphere, are evaluated, and we end up with a summary and conclusions in Sect. 8.
Multi-GNSS single-frequency RTK model
In this section, we describe the single-baseline single-frequency (SF) RTK model. We assume for now that the two receivers track all GNSSs on the same frequency j. When the baseline length between the receivers is sufficiently short, say a few kilometers, the satellite orbit errors and relative slant ionospheric delays can be neglected in the model, which is also referred to as the "ionosphere-fixed" model. The receivers are assumed to be from the same manufacturer (receiver make, type and firmware), which thus allows us to assume that the inter-system biases (ISBs) between all constellations are zero (Odijk and Teunissen, 2013; Odolinski et al, 2015a) . We can then use inter-system doubledifferencing (DD) with respect to a common reference satellite (Julien et al, 2003) and thus maximize the redundancy of the model. tains the undifferenced line-of-sight unit-vectors and has a dimension of m × 3. The φ * and p * vectors of size m * contain the between-receiver single-differenced phase and code observables, respectively, for systems * = {A, B}, where A can be GPS and B Galileo, BDS and QZSS respectively. The variance matrices
with zenith-referenced phase σ 2 φ j * and code σ 2 p j * variances.
The matrix W * = diag w 1 * , . . . , w m * contains the satellite s * = 1 * , . . . , m * elevation-dependent weight (Euler and Goad, 1991) , given as follows,
where θ s * is the elevation of satellite s * in degrees. The notation 'diag' denotes a diagonal and 'blkdiag' a block diagonal matrix, respectively. Note that the B1 frequency of regional BDS does not overlap the L1 and E1 frequencies, so that classical system-specific differencing is employed for this system. To deal with baselines when residual ionospheric delays become present, we will use the so called "ionosphereweighted" model. We then add a vector with slant ionosphere pseudo-observations ι = ι T A , ι T B T to the model in (1), and parameterize the ionospheric delays. By including these observations they can provide us with stochastic information of the delays between stations, see further Teunissen (1998b); Odijk (2002) . The redundancy and solvability condition of the DD DF single-system, with m * satellites, and the SF multi-GNSS model (1), with m = m A + m B , is given as follows, DF Single-system redundancy: 2 (m * − 1)
From Equation (4) it follows that four satellites are needed to solve the model, and five if a ZTD is also included which represents the square brackets. This implies that the multi-GNSS model is solvable even when less than four (or five) satellites are in view for each system, whereas it would not suffice when one uses a single-system . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t
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The receivers used to collect single-frequency (SF, L1 GPS, L1 QZSS, E1 Galileo, B1 BDS) and dual-frequency (DF, GPS L1+L2) data are depicted in Figure 1 . A measurement interval of 30 s was employed to avoid any receiverinduced time-correlation (Odolinski and Teunissen, 2017) , and the Detection, Identification and Adaptation (DIA) procedure by Teunissen (1990a) was used to detect and identify outliers. The LAMBDA method (Teunissen, 1995) was moreover used for ambiguity resolution. The ionosphereweighted model (Teunissen, 1998b; Odijk, 2002) was employed for the 8.9 km baseline in Dunedin, where ionosphere pseudo-observations were included and the slant ionospheric delays parameterized. Figure 2 depicts the number of satellites tracked by a receiver in Perth (AU) and Dunedin (NZ), respectively. The figure illustrates that the number of satellites when combining all four systems (black lines) does not go below eighteen in Perth and fourteen in Dunedin, respectively. The number of Galileo satellites is also always two or more over the entire day for both locations. Finally one can see that the QZSS satellite is visible over a longer time period and the number of regional BDS satellites is larger in Perth when compared to Dunedin. This implies that the 4-system model strength will be better in Perth, which can be measured by its redundancy (c.f. Odolinski et al (2015a) ). We can thus expect to have a better ambiguity resolution and positioning performance in Perth (Odolinski and Teunissen, 2016 ).
The least-squares variance component (LS-VCE) procedure (Teunissen, 1988; Teunissen and Amiri-Simkooei, 2008 ) was used to determine the zenith-referenced and undifferenced standard deviations (STDs) for code and phase, as depicted in Table 1 .
The model used for LS-VCE is further described in (Odolinski and Teunissen, 2017) , and all STDs were estimated based on data independent of the data to be analysed. The zenith-referenced and double-differenced (DD) slant ionospheric delay STD σ 2 ι that is used in the stochastic model for the 8.9 km baseline was determined from data one day before the data periods that are analysed. This STD was empirically estimated by taking the mean of the STDs of all slant ionospheric delays over the entire observation time- A c c e p t e d M a n u s c r i p t Table 1 Zenith-referenced and undifferenced code and phase STDs for Perth (AU) and Dunedin (NZ) on frequency j * = 1 * , . . . , f * for system * . The STDs have been estimated based on models including satellites from all 4-systems and 24 h of data (30 s) independent from the data to be used for positioning (c.f. Table 2 ). The DD STD for the ionosphere pseudo observations and the 8.9 km baseline was estimated toσ ι = 5 mm based on independent data. span. The Australian Space Forecast Centre did not report on any increased geomagnetic disturbance during this period, which implies that the ionospheric conditions were indeed relatively calm. The STDs in Table 1 are overall smaller when using Trimble Zephyr 2 antennas due to their better multipath suppression and signal reception in comparison to the ublox low-cost patch antennas (Pesyna et al, 2014) . For example the B1 code STD decreases from 56 cm (May 5) for patch antennas to 41 cm (June 2) when Zephyr antennas are used for the same receiver-setup. The larger B1 STD value is believed to be caused by multipath since large fluctuations were seen in the patch-antenna DD B1 residuals that repeat between two days (May 5 and May 6). We can also see a difference between the code STDs in Perth in comparison to Dunedin due to site-specific environmental effects such as multipath, and that different types of antennas are used.
In the following Sections we will investigate the positioning performance based on the data depicted in Table 2 , which is independent of the data that was used to determine the stochastic model in A c c e p t e d M a n u s c r i p t Low-cost, 4-system, precise GNSS positioning: a GPS, Galileo, BDS and QZSS ionosphere-weighted RTK analysis 5 ceivers. The evaluations will be given for the 670 m baseline in Dunedin as depicted in Table 2 and Figure 1 .
We start investigating the ambiguity resolution performance by considering the ambiguity bootstrapped (BS) successrate (SR). We make use of the following formula by Teunissen (1998a) ,
where P[ž IB = z] denotes the probability of correct integer estimation of the integer bootstrapped (IB) estimatorž IB and σẑ i|I , i = 1, . . . , n, I = {1, . . . , (i − 1)}, denote the conditional STDs of the LAMBDA decorrelated ambiguities. The BS SR (5) is easy to compute and a sharp lower bound of the integer least-squares (ILS) SR (Teunissen, 1999) . Figure 3 depicts the single-epoch (instantaneous) BS SRs for L1+E1 and L1+L2, respectively, as a function of the elevation cut-off angles. These SRs were obtained by averaging over 24 h and conditioned on Positional Dilution of Precisions (PDOPs) ≤ 10 to obtain P s|PDOP≤10 . By excluding epochs with large PDOPs we can ensure that the fixed position solutions have millimeter-centimeter level precisions (Teunissen et al, 2014; Odolinski and Teunissen, 2016) . Large PDOPs above ten occur when the receiversatellite geometry is poor due to similar line-of-sight unitvectors, for example when all satellites lie on the surface of a cone (Teunissen, 1990b; Zaminpardaz et al, 2017) . Table  2 . The BS SRs are taken as a mean of all single-epoch SRs over one day, and conditioned on PDOP≤ 10
Although the results in Figure 3 look nice, they only hold true for PDOP less than or equal to ten. This implies that if this condition is rarely met, the given nice results are also rarely available. To investigate this PDOP availability further we depict in Figure 4 the number of epochs over all positioning epochs that have the PDOP≤ 10 condition fulfilled, for the different models and elevation cutoff angles. In this figure one can see that this condition is always fulfilled when GPS is combined with the current Galileo constellation (green lines) for cut-off angles up to 30 • . Whereas the DF GPS model (dark blue lines) only fulfills this condition for cut-off angles below 25 • . When Galileo will be of full constellation by 2020 (GalileoICD, 2014), we predict that this PDOP-condition will always be met when the dual-system combination is used also for the cut-off angle of 35 • . Table 2 We can also see in Figure 3 that the SRs decrease with increasing cut-off angles, and that the Zephyr antenna model (full green lines) are then having larger SRs than the corresponding patch-antenna model (dotted green lines). This is mainly due to the difference in Galileo constellation between the two models, since these satellites do not repeat their positions on a day to day basis but rather every tenth sidereal day (GalileoICD, 2014) , as well as the (slightly) better L1 code precision when using the Zephyr antenna (c.f. Table 1 ). To illustrate this further we give in Figure 5 the corresponding number of tracked Galileo satellites in green for an elevation cut-off angle of 10 • , together with the number of satellites being four denoted by dotted red lines. In this figure we can see that the Zephyr data in June 3 indeed has a larger number of Galileo satellites over the day in comparison to the patch data collected 28 days earlier in May 6, 2017. For instance the patch data (top row) tracks more than three Galileo satellites 55% of the time over the day, whereas the Zephyr data (bottom row) does this 78% of the time. If we inspect the excellent ambiguity resolution performance results in Figure 3 again, it shows that the ubloxreceiver SF GPS+Galileo models provide for competitive instantaneous ambiguity resolution performance to the DF GPS model for cut-off angles up to 20 • . For instance, the models achieve the excellent performance of 99.9% and Fig. 6 Horizontal (N, E) scatterplots and vertical (U) time series in Dunedin for a 670 m baseline and L1 + E1 GPS+Galileo ublox+patch (1st column) with 99.9% ILS SR (P s E ), L1 + E1 ublox+Zephyr (2nd column) with 100% ILS SR, and Trimble 5700 L1+L2 GPS (3rd column) with 100% ILS SR, using 10 • cut-off angle. The 24 h data periods used are depicted in Table 2 . The correctly and incorrectly fixed positioning solutions are depicted as green and red dots, respectively, and ambiguity-float solutions as gray dots. Below the vertical time-series the ADOP is depicted in dark blue color, the 0.12 cycles level as red, and ambiguity-float Up formal STDs are shown in gray 100% BS SRs for the cut-off angle of 10 • , while connected to patch and Zephyr antennas, respectively. The nice results in Figure 3 thus implies that successful, instantaneous precise positioning is potentially feasible with low-cost SF RTK receivers and the global Galileo and GPS constellations, and without the need of regional BDS or QZSS.
To verify the formal claims in Figure 3 we depict in Figure 6 the corresponding instantaneous horizontal (N/E) and vertical (U) positioning errors, when compared to very precise benchmark coordinates. These benchmark coordinates were obtained through an ambiguity-fixed multi-epoch model, while assuming the ambiguities as time-constant parameters over the entire time span so that their uncertainty can be neglected. Zoom-in windows are also given so as to show that the correctly fixed solutions (green dots) have about a two-order of magnitude better precision, at the millimetercentimeter-level, than the ambiguity-float (gray) and incorrectly fixed (red dots) counterparts. The first column depicts L1+E1 ublox+patch, second column the corresponding Zephyr-antenna model, and the third column the Trimble 5700 L1+L2 GPS model. The correctly fixed solutions were determined by comparing the epoch-by-epoch solutions to a set of reference ambiguities. These reference ambiguities were also obtained by assuming the ambiguities as time-constant in a dynamic model over the entire observation time-span. Below the vertical time-series we depict the Ambiguity Dilution of Precision (ADOP, see Teunissen (1997) ), and the ambiguity-float Up formal STDs so as to reflect their consistency with the empirical positioning results. The 0.12 cycle level is also depicted since when the ADOP falls below this level, then as a rule-of-thumb one can expect an ambiguity SR larger than 99.9% (Odijk and Teunissen, 2008) . The empirical ILS SR is given as, P s E = # of correctly fixed epochs total # of epochs
Note that any inconsistencies that can be seen in the excursions for the Up STDs between the SF models in the left two columns of Figure 6 are due to the Galileo satellites that do not repeat between the two days (c.f. Figure  5) , which results in different receiver-satellite geometries for certain epochs when combined with GPS (c.f. Figure  4) . Figure 6 shows that the ADOPs stay below or near the 0.12 cycle level for all models, with excellent ILS SRs of 99.9% and 100% when using patch and Zephyr antennas, respectively. The ILS SRs are also in good agreement with the BS SRs in Figure 3 , which implies realistic LS-VCE STDs used in the stochastic model (Table 1) . We have thus empirically illustrated that successful low-cost instantaneous L1+E1 RTK positioning is feasible, and that the performance is competitive to the DF GPS model (which has an ILS SR of 100%). This competitive performance is similar to what one can achieve when L1+B1 GPS+BDS is used in Perth and Dunedin, respectively, see the analyses in (Teunissen et al, 2014; Teunissen, 2016, 2017) .
Low-cost 4-system RTK positioning
In this section we add the regional BDS and QZSS to our SF GPS+Galileo models to investigate the corresponding Page 6 of 14 AUTHOR SUBMITTED MANUSCRIPT -MST-106027. R2   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Low-cost, 4-system, precise GNSS positioning: a GPS, Galileo, BDS and QZSS ionosphere-weighted RTK analysis 7 RTK performance that is achievable in Perth (AU) and Dunedin (NZ), respectively. By doing so we can evaluate how much better such performance would be in Perth when compared to Dunedin as an effect of the better visibility of the regional BDS and QZSS. Most interestingly one can see in Figure 7 that the ublox+patch SF 4-system model (green lines) has a similar instantaneous ambiguity resolution performance to the DF GPS model for cut-off angles up to 35 • in Dunedin. This can also be compared to the corresponding L1+B1 GPS+BDS model that achieves such performance only for a cut-off angle of 10 • (Odolinski and Teunissen, 2017) . We have thus formally shown that the low-cost SF 4-system model with patch antennas can give competitive ambiguity resolution performance to the DF GPS model for higher than customary elevation cut-off angles. This is of importance in areas such as urban canyons or when low-elevation multipath is present and to be avoided.
In Figure 8 the positioning results corresponding to Figure 7 are shown. This is given for cut-off angles of 25 • at the top three rows and 35 • at the bottom three rows, where PDOPs are depicted in cyan color so as to reflect the receiver-satellite geometry strength. The DF GPS model in the right column is based on data from Trimble 5700 receivers in Dunedin, and its performance is expected to be similar to that of Perth. In addition, any correctly fixed solutions with large PDOPs > 10 are depicted as red triangles, which in general also have ADOPs ≤ 0.12 cycles. This is done to illustrate that good ambiguity resolution performance does not always mean a similarly good positioning performance (c.f. Teunissen et al (2014) ; Odolinski and Teunissen (2016) ; Zaminpardaz et al (2017) ). Since we now have some PDOPs above ten for these higher cut-off angles, the ILS SRs are computed as follows,
# of correctly fixed epochs and PDOP≤10 total # of epochs (7) By making use of equation (7) we can thus make sure that the ILS SRs then directly correspond to the precise correctly fixed solutions as depicted in green color. Figure 8 shows that the DF GPS model in the right column has instances where the ambiguities are correctly fixed with ADOPs below or close to the 0.12 cycle level but the PDOPs are at the same time above 10, which consequently leads to positioning scatters at the decimetermeter level as denoted by the red triangles. This is particularly pronounced for the cut-off angle of 35 • at bottom. When investigating some of these instances with very large PDOPs, it turned out to indeed be epochs with satellites that formed a cone-like geometry similar to Figure 6 in (Zaminpardaz et al, 2017) . One can also see gaps in the GPS-only positioning time-series and PDOPs at the bottom three rows, which is due to the number of GPS satellites not being above or equal to four so one can solve the model (4). However, all correctly fixed solutions with PDOPs below 10 have a precision of millimeter-centimeter level as depicted by the zoom-ins. Figure 8 shows, as also predicted in Figure 7 , that the SF 4-system model in Perth, in the middle column, obtains an excellent ambiguity resolution and positioning performance, where none of the correctly fixed solutions have PDOPs above 10 for both cut-off angles. There is however a slight increase in PDOPs between epoch 1440 and 2160 for the cut-off angle of 35 • , due to instances of setting satellites below the cut-off angle during this particular time-period, which results in slightly larger corresponding vertical positioning errors. The SF 4-system model in Dunedin has also more incorrectly fixed solutions when the ADOPs exceed the 0.12 cycle level, for instance just before epoch 720 and around epoch 1440 for this higher cut-off angle.
Most importantly Figure 8 confirms empirically the excellent formal results in Figure 7 , namely that the SF 4-system model in Dunedin, in the left column, have larger PDOP-conditioned ILS SRs than the DF GPS model for both cut-off angles.
6 Low-cost 4-system RTK positioning for a 8.9 km baseline In this section we will evaluate the corresponding lowcost SF 4-system RTK performance in Dunedin for a 8.9 km baseline when the residual ionospheric delays are estimated in an ionosphere-weighted model, with the stochastic model settings in Table 1 . In the next section we will investigate the corresponding formal ambiguity resolution performance for baseline lengths longer than 8.9 km. Figure 9 shows the low-cost SF 4-system and DF GPS positioning results for cut-off angles of 10 • and 30 • at the (bottom three rows) , respectively. The 4-system L1 + L1 + E1 + B1 ublox+TRM59800.00 in Perth (2nd column) has 100% (100%) ILS SR, and Trimble 5700 L1+L2 GPS in Dunedin (3rd column) has 98.5% (71.7%) ILS SR. The 24 h data periods used are depicted in Table  2 . The incorrectly fixed positioning solutions are depicted as red dots, and ambiguity-float solutions as gray dots. The correctly fixed solutions are depicted as green dots when PDOP ≤ 10, and red triangles when PDOP > 10. Below the vertical time-series the ADOP is depicted in dark blue color, the 0.12 cycles level as red, and PDOPs are shown in cyan. The ILS SRs (P s E |PDOP≤10 ) are taken as a mean of all single-epochs over one day, and conditioned on PDOP≤ 10 so that they only represent the precise correctly fixed solutions in green color 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Low-cost, 4-system, precise GNSS positioning: a GPS, Galileo, BDS and QZSS ionosphere-weighted RTK analysis Fig. 9 Horizontal (N, E) scatterplots and vertical (U) time series in Dunedin for a 8.9 km baseline and 4-system L1 + L1 + E1 + B1 ublox+patch (1st column) with 100% (92.7%) ILS SR, for the cut-off angle of 10 • (top three rows) and 30 • (bottom three rows), respectively. The Trimble 5700 L1+L2 GPS model (2nd column) has 100% (88.5%) ILS SR, respectively. The 24 h data periods used are depicted in Table 2 . The incorrectly fixed positioning solutions are depicted as red dots, and ambiguity-float solutions as gray dots. The correctly fixed solutions are depicted as green dots when PDOP ≤ 10, and red triangles when PDOP > 10. Below the vertical time-series the ADOP is depicted in dark blue color, the 0.12 cycles level as red, ambiguity-float Up formal STDs are shown in gray at top, and PDOPs in cyan at bottom. The ILS SRs (P s E |PDOP≤10 ) are taken as a mean of all single-epochs over one day, and conditioned on PDOP≤ 10 so that they only represent the precise correctly fixed solutions in green color top three and bottom three rows, respectively. This is given together with the ADOPs and formal Up STDs at top, and PDOPs at the bottom row. Figure 9 shows that the 4-system model with patch antennas obtains an excellent 100% ILS SR performance for the cut-off angle of 10 • . This results in a corresponding 100% availability of precise fixed solutions similar to DF GPS since none of the models obtain PDOPs larger than ten. Most importantly the ublox model obtains a PDOPconditioned ILS SR of about 93% for the cut-off angle of 30 • . This can be compared to the DF GPS model that has a corresponding ILS SR of about 88% due to the many instances with PDOPs above 10 that results in correspondingly poorer positioning scatters (red triangles). Table 3 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Table 3 Single-epoch empirical STDs (N, E, U) of correctly fixed positions (L1+L2 GPS Trimble 5700+Zephyr and L1 + L1 + E1 + B1 ublox+patch) for a baseline length of 8.9 km in Dunedin, together with their ILS SR, for 10 • − 35 • elevation cut-off and 24 h of data ( Table 2) . The empirical STDs and ILS SRs are also shown when conditioned on PDOP≤10, and BS SRs are shown within brackets. when different from their unconditioned counterparts, and within brackets the corresponding BS SRs are also given so as to reflect consistency between the empirical and formal results. Table 3 shows that the fixed solutions improve from decimeter-meter-level down to millimeter-level when the PDOP≤ 10 condition is applied for the cut-off angles of 30 • − 35 • and the DF GPS model (c.f. Figure 9 ). One can also see in the table a comparable ILS SR performance for the GPS+BDS and GPS+Galileo SF models for all cutoff angles, for instance the ILS SR is about 98% for both models when using an elevation cut-off angle of 10 • . However, the GPS+Galileo model gets slightly better for cut-off angles higher than 25 • as the number of satellites become then more similar to the GPS+BDS model, and the Galileo E1 code observations are also more precise than the B1 BDS counterparts (c.f. Table 1 ). Finally Table 3 shows that the SF 4-system model obtains competitive (PDOP-conditioned) ILS SRs to DF GPS for all cut-off angles.
Page 8 of 14 AUTHOR SUBMITTED MANUSCRIPT -MST-106027.R2
In conclusion we have thus illustrated that the low-cost SF 4-system model with patch antennas can give competitive ambiguity resolution and positioning performance to the DF GPS model also for a baseline length of 8.9 km for various elevation cut-off angles.
7 Low-cost RTK performance for several ionosphere-weighted baselines
The ionospheric conditions for the baseline analysed in the previous section were relatively quiet with a DD slant ionospheric delay STD of about σ ι = 0.6 mm/km used in the ionosphere-weighted stochastic model (c.f. Table 1) . Therefore in this section we will compare the formal BS SR performance to that of more active ionospheric conditions such as the ones experienced in (Odolinski and Teunissen, 2017) , where the DD slant ionospheric delay STD was about σ ι = 1.4 mm/km that also follows the rule-ofthumb by Schaffrin and Bock (1988) . Comparisons will be made between low-cost SF 4-system RTK in Dunedin (NZ) and Perth (AU), and the DF GPS and SF L1+E1 GPS+Galileo performance will be evaluated as well. The relative ZTD is now parameterized as well, a condition PDOP≤ 10 is applied and the success-rates are computed by averaging over all epochs. For these computations we make use of the same code and phase precisions as depicted in Table 1 and satellite constellations from the data depicted in Table 2 , i.e. Jan 21 in 2017 for Perth and May 6 and May 7 in 2017 for Dunedin. Note that for the following analysis we only need the design matrix and the stochastic model, i.e., real data is not necessary. Figure 10 depicts the BS SRs for the two different σ ι settings and four different positioning models for an elevation cut-off angle of 10 • . Since it is of interest to investigate how long baselines that are allowed for instantaneous or very fast precise positioning solutions, we compute the BS SRs as a function of baseline lengths ranging from 8.9 km to 20 km using the settings of σ ι above. In all evaluations we aim at instantaneous (1-epoch, at top) or fast ambiguity resolution (2-and 4-epochs at middle and bottom rows, respectively). In the multi-epoch models we use a dynamic model for the ambiguities and relative ZTD where they are treated as time-constant parameters over the specific timespan. The Kalman filter is initialized at the first epoch and after each time-window of 2 or 4 epochs have passed the filter is re-initialized at the second epoch, and the whole procedure is repeated again.
As expected the SRs in Figure 10 decrease with increasing baseline lengths and σ ι , and DF observations become more important (Odijk, 2002; Odolinski et al, 2015b) . In the DF case the slant ionospheric delays are shared between the two frequencies that thus leads to more precise corresponding estimates than in the SF case, which in turn affects the ambiguity variance matrix Qââ and consequently the ambiguity resolution performance (c.f. Equation 5.54 at p. 123 in (Odijk, 2002) ).
In the left column of Figure 10 we can see that the SF 4-system models achieve an excellent instantaneous ambiguity resolution performance when the ionospheric conditions are relatively calm, where the performance in Perth (black lines) is competitive with DF GPS (in dark blue on top of the black lines) for all the analysed baseline lengths. The corresponding Dunedin performance (red lines) is then competitive with DF GPS for baseline lengths up to about 10 km. The SF L1+E1 GPS+Galileo model (green lines), however, has a poor instantaneous performance since the ZTD is now also included. When two epochs are included, in the left column and second row, the performance for the Dunedin SF 4-system model becomes competitive to DF GPS for all baselines, whereas four epochs are needed for the L1+E1 model to obtain similar performance.
The situation becomes different, however, when the ionospheric conditions are more active, as depicted in the right 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t column of Figure 10 . Here we can see that none of the models can achieve successful instantaneous ambiguity resolution for any baseline, which is consistent with the results in (Odijk, 2002; Odolinski et al, 2015b) , and more than one epoch is needed. When two epochs are included, in the right column and second row, the SF 4-system model in Perth has then a competitive ambiguity resolution performance to DF GPS for baseline lengths up to 12 km. The corresponding Dunedin model achieves similar good performance when four epochs are included in the bottom row, and the SF 4-system model in Perth is then competitive to DF GPS for baselines up to 16 km. Figure 11 depicts the corresponding results for the SF 4-systems and DF GPS RTK when we make use of a much higher elevation cut-off angle of 35 • . The DF GPS performance is now, as expected, much worse in comparison to the results in Figure 10 , which is mainly due to the fewer number of satellites to solve the model (4). Since a ZTD is included a minimum of five satellites are needed and this results in many epochs during the day where the positions cannot be estimated, which is approximately 56% of the time over the day. The SF 4-system models with larger number of tracked satellites, however, do not experience similar problems except for a few instances in Dunedin, with approximately 2% of the epochs over the day when the model cannot be solved.
Most importantly we can thus see in Figure 11 that the SF 4-system model in Perth then has much better overall performance than DF GPS for all baselines when the ionospheric conditions are relatively calm in the left column. The corresponding Dunedin model, however, needs more than one epoch to obtain a competitive or better performance to DF GPS. As expected the instantaneous ambiguity resolution performance degrades significantly when the ionosphere is more active in the right column of Figure 11 . Note here that the 4-system model in Perth (black lines) has higher instantaneous SRs than DF GPS (blue lines) for baselines from 8.9 km to 12 km, which is again due to the lack of positioning availability for the latter model. The DF GPS model can namely only be solved about 44% of the time over the day for this cut-off angle so that when the SRs are averaged over all epochs they become lower than the 4-system model in Perth for these baselines.
Finally the right column of Figure 11 shows that the SF 4-system model in Perth then gets better SRs than DF GPS for all baseline lengths when more than one epoch is included (second and third row, respectively). This thus illustrates that the low-cost SF 4-system RTK model (in Perth) can potentially achieve an overall better fast ambiguity resolution performance than DF GPS when higher than customary elevation cut-off angles need to be used, and the residual ionospheric delays and ZTD are present.
Conclusions
In this contribution we analysed the single-frequency (SF) low-cost RTK receiver performance with current (May 2017) L1 GPS, E1 Galileo, B1 BDS and L1 QZSS. The data was collected with low-cost patch and high-grade geodetic antennas. The SF RTK performance was compared to dualfrequency (DF) L1 + L2 GPS while using high-grade receivers and antennas. The performance was evaluated and compared, both formally and empirically, between a location in Perth, Australia and Dunedin, New Zealand, for a few hundred meters and a 8.9 km baseline, respectively. Formal success-rate evaluations were also conducted for longer baselines, so as to illustrate the degradation in the RTK performance due to the increased presence of residual slant ionospheric delays. It was shown that the low-cost SF receiver RTK solutions have the potential to achieve competitive ambiguity resolution and positioning performance to DF GPS even when small residual ionospheric delays are present, and higher than customary elevation cut-off angles are used.
We demonstrated, both formally and empirically, that successful, instantaneous SF L1+E1 GPS+Galileo RTK positioning is feasible when the residual ionospheric delays can be neglected, and without the need to use the regional BDS or QZSS. By adding B1 BDS and L1 QZSS to SF GPS-Galileo, we also investigated the impact from having a better visibility of the regional BDS and QZSS in Perth and in comparison to Dunedin. We found that successful instantaneous ambiguity resolution is possible for the SF 4-system model in Perth, while still making use of cut-off angles up to 35 • . It was also shown that the ublox+patch SF 4-system model in Dunedin can achieve competitive precise positioning performance to DF GPS for higher than customary cut-off angles and a baseline length of 8.9 km, owing to the improved receiver-satellite geometry strength by combining the 4-systems.
Our formal success-rate analysis revealed that DF observations and/or more than one epoch of data are needed when the impact from residual ionospheric delays increases and a relative ZTD is included. Fortunately, however, the SF 4-system models in Dunedin and Perth achieved a more competitive ambiguity resolution performance to DF GPS when more epochs were included, with a better performance in Perth. It was finally shown that such SF 4-system performance in Perth can overall potentially be even better than DF GPS when high elevation cut-off angles are used, which is mainly due to the many epochs where the single-system model cannot be solved since at least five satellites are then needed. With the future full constellations of Galileo, BDS and QZSS, we expect that the models will get stronger so that such combined SF performance will be further improved . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t
